4.5 - Coordinates and Basis

Definition: If S = {vy, vy, ..., v,,} is a set of vectors in a finite-dimensional
vector space V, then S is called a basis for V if:

a) S spans V.
b) S is linearly independent.

#1 Use the determinant of a coefficient matrix to show that the following set of
vectors forms a basis for R?: {(2, 1), (3, 0)}




#8 Show that the following vectors do not form a basis for P,.
1-3x+2x% 14+ x+4x%1-7x

Definition: A basis in which the listed order of the vectors matters is called an
ordered basis.

Some Standard bases

{f, f} is a basis for R? (this is the same as {ey, e,}).

{f, f, ]AC} is basis for R? (this is the same as {ej, e, e3}).
{e,, e,,...,€,} is a basis for R".

{1, X, X%, ..., x”} is a basis for P,,.
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Theorem 4.5.1 Uniqueness of Basis Representation

If S = {vy, vy, ..., v,}is a basis for a vector space V, then every vector v in V
can be expressed in the form v = ¢; v; + ¢, v, + ... + ¢, V, in exactly one way.




Definition: If S = {v;, v, ..., v,}is an ordered basis for a vector space V, and

V = ¢V + Vo + ... + ¢V, is the expression for a vector v in terms of the ba-
sis S, then the scalars ¢, ¢y, ..., ¢, are called the coordinates of v relative to
the basis S. The vector (¢;, ¢, ..., ¢,)in R"constructed from these coordinates
is called the coordinate vector of v relative to the basis S; it is denoted by

(v)g = (c1, €25 ...’ Cn)

Example: Consider v .= (-1, 7, 2) € R’. The set B = {vy, vy, v3}, where
vi = (2, -1, =1),v, = (=2, 1, 2),and v5 = (3, 5, 4) forms a basis for R® (verify).
Find (v) (where S is the standard basis for R*) and (v).







#16 First show that the set S = {A;, Ay, A3, A4}is a basis for M,,, then express
A as alinear combination of the vectors in S, and then find the coordinate vector

of A relative to S.
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